Abstract: The Esscher transform is an important tool in actuarial science. Since the pioneering work of Gerber and Shiu (1994) , the use of the Esscher transform for option valuation has also been investigated extensively. However, the relationships between the asset pricing model based on the Esscher transform and some fundamental equilibrium-based asset pricing models, such as consumption-based models, have so far not been well-explored. In this paper we attempt to bridge the gap between consumption-based models and asset pricing models based on Esscher-type transformations in a discrete-time setting. Based on certain assumptions for the distributions of asset returns, changes in aggregate consumptions and returns on the market portfolio, we construct pricing measures that are consistent with those arising from Esscher-type transformations. Explicit relationships between the market price of risk and the risk preference parameters are derived for some particular cases.
Introduction
The valuation of contingent claims has long been an important topic in economics and finance. The work of Black and Scholes (1973) provided a ground-breaking approach to option valuation. Under the assumptions of a Geometric Brownian Motion (GBM) for the price process of the underlying risky asset, a perfect market and no-arbitrage, they obtained a preference-free option valuation formula for a standard European call option.
This formula is now known as the Black-Scholes option pricing formula and it is widely used by market practitioners for the pricing, hedging and risk management of options.
Despite its popularity, the Black-Scholes option valuation model has some important limitations. In particular, the GBM assumption for the dynamics of the underlying asset price is questioned by many empirical studies. Indeed, the GBM dynamics for the asset price cannot explain a number of stylized facts exhibited by financial time series, such as non-normal returns, time-varying volatility, volatility clustering and regime switching.
Numerous alternative models have been developed in discrete or continuous-time settings. Some examples include models with skewed and leptokurtic returns' distributions, stochastic volatilities, jumps in the asset returns and regime switching. These models provide a better fit to assets' returns than the GBM. However, under these more complicated models the markets are typically incomplete implying that there is more than one equivalent martingale measure, or pricing kernel, and therefore no unique price for contingent claims. A fundamental issue then is to select an equivalent martingale measure. Another related issue is to justify whether the selected equivalent martingale measure is theoretically consistent. Different approaches to select an equivalent martingale measure have been proposed in the literature. Some of these approaches were justified by mathematical theories, or economic principles. Since we consider in this paper a class of general discrete-time models with asset returns having a continuous distribution we focus on some of the main contributions related to such models.
Early works on derivative pricing under discrete-time asset price models rely on a riskneutral valuation relationship, (RNVR), pioneered by Rubinstein (1976) and later developed by Brennan (1979) . This principle was constructed based on economic equilibrium arguments under a joint normality assumption for asset returns and the marginal utility of consumptions. Camara (1999) extended the RNVR when the aggregate consumption and the random payoff of the underlying asset follow a bivariate, three-parameter, log-normal distribution. He obtained closed-form expressions for European call prices in this setting.
Since the normality assumption for asset returns may not agree with empirical findings, one may wish to consider some modifications to the RNVR. For example, Camara (2003) proposed a new set of equilibrium RNVRs, assuming that the aggregate wealth and underlying asset have transformed normal distributions. Similar constructions were also considered by Duan, (1995 Duan, ( , 1999 , when the returns follow a Generalized Autoregressive Conditionally Heteroscedastic, (GARCH), process.
Another strand of the literature constructs equivalent martingale measures based on mathematical theories. Since under the no-arbitrage assumption all discounted price processes are martingales after a change of measure, a natural approach is to make use of the Girsanov transformation. This uses change of measure and changes the drift of an asset return process while keeping its variance unchanged. Elliott and Madan (1998) introduced a Girsanov transformation to construct an equivalent martingale measure in a discretetime framework. This approach was further studied by Schroder (2004) . Both Elliott and Madan (1998) and Schroder (2004) provided interesting justifications for the choice of an equivalent martingale measure. For example, Elliott and Madan (1998) showed that their transformation is consistent with hedging strategies that minimize the risk-adjusted cost of hedging. Schroder (2004) related this transformation to equilibrium pricing measures for certain distributions of the assets' returns.
A popular method to select an equivalent martingale measure is the Esscher transform. The history of the Esscher transform dates back to the work of Esscher (1932) , where the transform was first introduced in the actuarial science literature and applied to approximate the loss distribution of aggregate claims. Later, the Esscher transform was applied to premium calculations. Bühlmann (1980 Bühlmann ( , 1984 established the relationship between a particular type of economic premium principle derived in a pure risk exchange economy and a premium principle based on the Esscher transform. The economic premium principle of Bühlmann may be related to the equilibrium asset pricing framework of Lucas (1978) which provided a rational expectation approach for pricing in a pure exchange economy. The models considered in Bühlmann (1980 Bühlmann ( , 1984 were single-period models. Iwaki et al. (2001) Gerber and Shiu (1994) pioneered the use of the Esscher transform in finance, in particular option valuation. They considered the option pricing problem in a setting where the return process of a risky asset has stationary and independent increments with an infinite divisible distribution. In the case when the return process is Gaussian and a European call option is considered, the Gerber-Shiu option valuation formula reduces to the Black-Scholes option pricing formula. Gerber and Shiu also derived closed-form valuation formulas for European call prices following other return processes, including the shifted-Gamma process, the shifted-Poisson process and the shifted-inverse-Gaussian process.
The work of Gerber and Shiu exhibits the interplay between financial and actuarial pricing and suggests many research opportunities. Bühlmann et al. (1996) explored the use of the Esscher transform for asset pricing in a general semi-martingale setting and introduced a conditional Esscher transform which is more suitable for asset pricing in a "dynamic" framework. Bühlmann et al. (1998) investigated the use of the conditional Esscher transform for asset pricing in a discrete-time economy. Chan (1999) An important question arising from the use of the Esscher transform for option valuation is how an equivalent martingale measure selected by the Esscher transform can be justified. This question was first addressed in the Gerber-Shiu reply for the discussion on their 1994 paper. They showed that this pricing measure is consistent with solving a utility maximization problem for an economic agent having a power utility. It seems interesting to establish in addition the theoretical relationship between the Esscher transform and the fundamental consumption-based equilibrium asset pricing model. This theoretical relationship was not established in the original work of Gerber and Shiu (1994) .
An overview of other justifications for the use of the Esscher transform for option valuation may be found in the review paper by Embrechts (2000) .
In this paper we bridge the gap between conditional Esscher-type transforms and equilibrium valuation relationships based on the Consumption Capital Asset Pricing Model (CCAPM) pioneered by Breeden (1979) . In the first part of the paper, using the standard Euler equilibrium equation * , we construct two equivalent martingale measures based on an exponential utility and an isoelastic utility. Assuming that changes in aggregate, and logarithmic aggregate, consumption satisfy a special regression model with respect to the asset returns, we demonstrate that these equilibrium martingale measures lead to the same risk neutralized returns dynamics as those arising from the conditional Esscher transform. These assumptions can be relaxed when we assume a particular distribution * The economic basis of the Euler equilibrium equation was established in the pioneering work of Lucas (1978) , where an equilibrium pricing approach was proposed in a pure exchange economy.
for asset returns. More specifically, if the returns are conditionally normally distributed, a risk neutral measure selected by the conditional Esscher transform coincides with the risk neutral valuation relationship developed by Brennan (1979) . We further show that the Esscher parameter is proportional to the "beta" risk of changes in aggregate, and log-aggregate consumption, where the constant of proportionality is the Arrow-Pratt coefficient of risk aversion.
Recall that the market price of risk can be decomposed into a risk free component and a risk-preference component that includes investors' aversion to risk. In a similar fashion, we illustrate that the conditional Esscher transform is consistent with an equilibrium pricing measure based on the Zin (1989, 1991) recursive utility setting under some conditions for asset returns, changes in logarithmic aggregate consumptions and returns on the market portfolio. For some special cases of the asset returns' distributions we derive expressions for the market price of risk to illustrate its dependence on the risk aversion factors.
In the second part of the paper we show the consistency between the Esscher-Girsanov transform introduced by Goovaerts and Laeven (2008) and an equilibrium pricing measure constructed using similar techniques as those mentioned earlier. The Esscher-Girsanov transform can be viewed as an exponential tilting with respect to a transformed conditionally normal random variable. While a transformed normal exponential tilting is suitable in a setting with general continuous-time diffusion processes, (which are infinitesimally normal), as in Goovaerts and Laeven (2008) , another consistency argument will be established for a generalized Esscher-Girsanov transform proposed in this paper. Such transformations may be useful in actuarial practice. As stated in Goovaerts and Laeven (2008) , one of the features of the Esscher-Girsanov transform is that under exponential utility the Esscher parameter can be interpreted as the Arrow-Pratt coefficient of absolute risk aversion (CARA). We show that this holds more generally. We argue that the Esscher parameter indeed quantifies the risk aversion but, depending on our assumption regarding the utility function, it needs not be the standard CARA.
Based on the Esscher-Girsanov transform we are able to derive risk neutralized dynamics for returns under the general discrete-time framework.
The paper proceeds as follows: The next section presents the model and discusses the notion of Stochastic Discount Factor (SDF). In Section 3, we present briefly the conditional Esscher transform and show its consistency with the equilibrium pricing measures.
Some special cases are discussed at the end of this section. Section 4 illustrates the connection between the Esscher-Girsanov transform, its generalizations and consumption-based models. Concluding remarks are given in Section 5.
SDF specifications in discrete time
The stochastic discount factor, (SDF), and its role in asset pricing have been discussed in a number of papers, for example, Harrison and Kreps (1979) , Hansen and Richard (1987) , Hansen and Jagannathan (1991) , and others. The SDF provides a way to value derivative securities and modern insurance products with embedded options. Indeed, it appears under different names in the financial mathematics, actuarial science, economic and finance literature. In the financial mathematics literature, it is the discounted RadonNikodym derivative obtained when specifying an equivalent martingale measure using Girsanov's transformation. In actuarial science, an SDF is also termed a deflator, (see Bühlmann et al. (1998) ). The term "pricing kernel" is also used in the finance literature, while economists prefer to use the term "state price density process", which is then related to the Arrow-Debreu securities. In the present study we relate the SDF approach to a change of measures.
Consider a discrete-time economy with two primitive securities, a (locally) risk-free asset, (say a bond), and a risky asset (say a share) † . Trading occurs on dates specified by the time index set T = {0, 1, · · · , T }, where T < ∞. We model uncertainty using a complete, filtered, probability space (Ω, F, P ), where P is a real-world probability measure ‡ . The complete probability space has the filtration F := {F t } t∈T , where F t represents the σ-field of market information available to a representative agent up to and including † Here we consider the case that there is one risky asset for illustration. The analysis in our paper can be extended to the case of multiple risky assets.
‡ There are different names for this probability measure. For example, it is called a historical probability measure, a statistical probability measure, or a data-generating probability measure.
time t, for each t ∈ T . The filtration F describes how the information is revealed over time in the discrete-time economy. We set F 0 = σ{Ø, Ω} and F T = F. The first condition means that the agent does not have any market information at time 0 and the second condition means that all information is revealed by the terminal time T .
For each t ∈ T , let r t denote the market interest rate at time t. We suppose that the market interest rate process is F -predictable, (i.e. r t is F t−1 -measurable, for each t ∈ T \{0}). The price process B := {B t } t∈T of the risk-free asset evolves over time as:
For each t ∈ T \{0}, let m t and σ t denote the conditional mean and volatility of the risky asset at time t, respectively, given the market information F t−1 up to time t − 1.
Suppose ε := {ε t } t∈T is a sequence of i.i.d. random variables with common distribution F (0, 1) and ε is F -adapted, where F (0, 1) is a generic distribution with zero mean and unit variance. We further assume that ε t has a probability density function f εt (·). Let S := {S t } t∈T denote the price process of a risky asset. Define, for each t ∈ T \{0},
. Then we suppose that under the physical measure P , the return process y := {y t } t∈T of the risky asset evolves over time as:
For each t ∈ T \{0}, assume that the cumulant generating function of the innovation ε t evaluated at z under P , denoted by κ P ε t (z), exists:
for some positive real number h. Here E
P
[·] denotes expectation under P and M P εt (z) is the moment generating function of ε t evaluated at z under P .
In general, the conditional mean return process, m t , is a function of a risk premium parameter and the conditional volatility at time t. Here we consider the following parametric form of the conditional mean return m t :
where λ t is a unit risk premium, or a market price of risk, for the risky asset at time t. A similar structure for m t was also considered by Christoffersen et al. (2009) . This parametric form of the conditional mean return m t entails some theoretical interpretations. Indeed, the term "κ P εt (σ t )" is present in the conditional mean return of the risky asset to compensate the innovations having a generic distribution F (0, 1). For example, in the case that the innovations have a normal distribution variance σ t , the term "κ
The conditional volatility process, σ t , is governed by a nonlinear Generalized Autoregressive Conditional Heteroskedastic, (GARCH), model. Here a is a real-valued, measurable function. We also provide the flexibility that the innovations process ε follows a generic distribution and that the functional form of a needs not be specified a priori.
Consequently, the nonlinear GARCH structure considered in (??) is nonparametric.
The conditional volatility process considered here may be regarded as a generalization of the conditional variance process modeling variance changes caused by past prices in Taylor We wish to consider a general and flexible nonlinear conditional variance process which could include the GARCH effect. Consequently, we introduce the past conditional variances in the nonlinear variance dynamics so as to incorporate the GARCH effect.
Let M := {M t } t∈T be a non-negative, F -adapted SDF process defined on (Ω, F, P).
In an arbitrage-free environment, and under some regularity assumptions for the prices of liquid assets, a price at time t of a contingent claim with maturity T and payoff h(S T ), denoted as Π t (h(S T )), is represented as:
The no-arbitrage condition implies that M should satisfy:
It is natural and convenient to relate the SDF to a change of measure. If Q is an equivalent martingale pricing measure, it can be related to the SDF by the following Radon-Nikodym derivative:
Using a version of the Bayes' rule, the price of a contingent claim can then be written as the following conditional expectation of the discounted terminal payoff of the claim under Q:
Here E Q is expectation with respect to Q.
Note that, in our discrete-time and continuous-state settings, the markets are incomplete. Therefore, there is more than one SDF which is consistent with the valuation formula (??) and which satisfies the no-arbitrage conditions (??)-(??). This means that there is more than one equivalent martingale measure Q for valuation.
The Girsanov transformation is a commonly used approach to construct an equivalent martingale measure in a continuous-time asset pricing model. A discrete time version of such a construction was first introduced to the finance literature by Elliott et al. (1995) and later by Elliott and Madan (1998) . Based on a multiplicative Doob decomposition of the discounted stock price process, the change of measure is defined such that the discounted stock price, under the new measure, follows the law of its martingale component prior to the measure change. The Radon-Nikodym derivative is then defined by shifting the mean return while keeping the conditional variance the same. It is defined as follows:
where the market price of risk λ t at time t is given by:
This transformation is consistent with the weak-form market efficiency, in the sense that it is defined with respect to the information structure generated by the asset returns.
In our case, this coincides with the filtration generated by ε. The Girsanov transformation of Elliott and Madan (1998) can be justified economically by "weakly" efficient hedging strategies that minimize the, (conditional), variance of the discounted, risk-adjusted, costs of hedging.
Since the Radon-Nikodym derivative for defining Q involves a risk-neutralization process which changes the drift, the measure Q defined by the Girsanov transformation of section. This class of equivalent martingale measures is specified by using a well-known tool from actuarial science, namely, the Esscher transform.
The Conditional Esscher transform
We first introduce the conditional Esscher transform and examine its consistency with equilibrium models. We start by giving the definition of the conditional Esscher transform with respect to the return process introduced in the last section. 
Then the probability measure Q ess defined by setting:
is called the conditional Esscher transformed measure of P , generated by the return processes y and the family θ of Esscher parameters, with respect to the filtration F .
Harrison and Kreps (1979) and Pliska (1981, 1983 ) established the relationship between the absence of arbitrage and the existence of an equivalent martingale measure under which discounted asset price processes are martingales. Here the martingale property of the discounted stock price price under Q ess is satisfied if, for each t ∈ T \{0}, the Esscher parameter θ t is the solution of the following equation:
With some constraints for the parameters of the distribution of the asset's return, the 
Erase: Here θ * t is the unique solution of the martingale equation (??). Gourieroux and Monfort (2007) noted that the same transformation can be obtained by considering an SDF which has an exponential-affine structure as a function of the returns with coefficients satisfying the no-arbitrage conditions (??)-(??). If we assume the conditional mean return, m t , has the form given in (??), then the market price of risk can be written in the following form:
In the following sections we show that θ t is related to the investor's risk preferences, so the above equation (??) implies that the market price of risk can be decomposed into the sum of a risk free and a risk preference component. In the sequel we shall show how the conditional Esscher transform can be directly related to consumption-based models under some specific constraints for the utility functions and the dynamics of the aggregate consumption.
Consistency with standard consumption CAPM
Consider a representative economic agent with a utility of consumption on a single good.
For each t ∈ T , let c t denote the aggregate consumption, or the consumption of the agent, at time t and u(c t ) denote a strictly increasing, time-separable, additive utility function of the consumption. LetS t := B −1 t S t denote the discounted price of the risky asset at time t. Then the standard utility maximization problem leads to the following Euler equilibrium condition with respect to the information structure F :
Here u (c t ) represents the marginal utility at time t and ρ is an "impatient factor" of the agent per unit of time, which measures the degree of preference of the agent to consume now rather than a period later. Using (??) it follows that the equilibrium SDF corresponding to the Euler equation is given by:
As noted in Brown and Gibbons (1985) , the temporal aggregation bias may be avoided.
That is, the Euler equilibrium condition (??) determined on, say a daily basis, is still relevant even when market data are sampled at a lower frequency, say monthly. Here we consider only two typical classes of utility functions, namely, the exponential utility and the power utility.
For the case of an exponential utility function, the following proposition establishes the relationship between the equilibrium SDF in (??) and that associated with the conditional Esscher transform. 
Here Proof Let Q denote the probability measure specified by the equilibrium SDF from (??).
Note that
The Radon-Nikodym derivative of the equilibrium measure is then given by:
Based on the assumption (??) and using a version of the Bayes' rule, the conditional moment generating function of the return y t given F t−1 , evaluated at z, under the measure Q is given by:
since y t and η t are independent conditionally on F t−1 . Here E Q is expectation under Q.
(−Rβ t ). This, in turns, implies that 
Letting θ t = −Rβ t , the conditional moment generating function of the return y t under the equilibrium measure from (??) coincides with that under the conditional Esscher transform. Here the existence of such a β t can be ensured by the existence of θ t in the martingale condition (??).
From the proof of Proposition ??, using the uniqueness of the parameter of a moment generating function and the martingale condition (??),
This means that when the utility function is of an exponential form, the risk-neutral 
Proposition 3.2 Let y := {y t } t∈T denote the asset return process satisfying equations (??)-(??). Suppose the following conditions hold: (a) The utility function u is of isoelastic form; that is,
where R is the coefficient of relative risk aversion and R > 1; 
(b) for any t ∈ T , the change in aggregate consumption satisfies the following, timeseries, regression model under P :
∆log c t =α t +β t y t +γ tηt ,(19)
Then an equivalent martingale measure based on the equilibrium SDF from (??) is consistent with that from the conditional Esscher transform.
Proof Since the utility is of power form we have u (c t ) = c −R t , R > 1, where R is the constant coefficient of relative risk aversion. In this case, the Radon-Nikodym derivative is given by:
Using the same technique as in the previous proof we find the conditional moment generating function (mgf) for returns under the risk neutral measure defined in (??) is given by:
This again corresponds to the conditional mgf for returns under the conditional Esscher transform with θ t = −Rβ t .
Notice that if the covariance between changes in aggregate, or logarithmic aggregate, consumptions and asset returns is positive, the Esscher parameters take negative values.
Thus, since the distribution of the conditional returns is shifted to the left, the Esscher transform can also be viewed as an importance sampling method when pricing out-ofmoney European call options using Monte Carlo simulations of return paths.
When considering special cases for the driving noise distribution conditions, (??) and (??) can be relaxed by assuming a conditional bivariate distribution between the asset changes in aggregate, or log-aggregate, consumption and asset returns. For example, if the innovations are normally distributed a conditionally bivariate normality assumption of (∆c t , y t ), or (∆ log c t , y t ), implies the decompositions in (??) and (??) if η t is also standard normally distributed. However, this may not be the case in general as, for example, the above decompositions do not hold if they have a conditionally bivariate generalized hyperbolic distribution. One can adapt these assumptions depending on the case considered. In the following we illustrate for some special cases some applications of the Esscher transforms and equilibrium measures.
Consistency with consumption CAPM based on recursive utility
In this section we show that, under some assumptions for the dynamics of the aggregate consumption and the return on the market portfolio, the conditional Esscher transform is consistent with the equilibrium SDF derived by Zin (1989, 1991) in a recursive utility framework. An attractive feature of this setting is that the inter-temporal substitution and the measure of risk aversion can be disentangled by mixing the current level of consumption with the expected future utility of consumption through an "aggregator" function. Although the separation between these two factors might not be perfect, as argued by Garcia et al. (2006) when considering a consumption CAPM model with a reference level for consumption, the recursive utility framework serves as an appealing justification.
We briefly illustrate here the construction of the equilibrium SDF developed in Epstein and Zin (1989). Let the utility at any time point t be:
Here is the risk aversion parameter so the degree of risk aversion increases as does;
W is an "aggregator" function having the following form:
Here c and z are both positive; φ is a parameter which reflects the inter-temporal substitution; ρ is the impatience factor defined in (??). Notice that under this utility, = 1 − R, where R is the constant coefficient of relative risk aversion defined in Proposition 3.2.
The maximization problem of the above recursive utility with respect to the consumption level and the proportion of wealth held by the investor in any risky asset available on the market leads to the following Euler type equilibrium equation:
Here S mt is the price index of the market portfolio at time t and ς = /φ. Using (??) it follows that the equilibrium SDF corresponding to the (??) is:
Clearly, when ς = 1, (i.e.
= φ = 1 − R), the above equilibrium SDF reduces to 
Here
is a 2-dimensional vector of i.i.d. random variables with
η 1t , η 2t ∼ F (0, 1
) independent of y t for any t ∈ T and also independent of each other.
Here diag(η t ) is the diagonal matrix formed with the elements of η t .
Then an equivalent martingale measure based on the equilibrium SDF from (??) is consistent with that from the conditional Esscher transform.
Proof The Radon-Nikodym derivative implied by the SDF from (??) is given by:
The conditional mgf for asset returns under Q leads to the same form as one under the conditional Esscher transform with the Esscher parameter given by:
From equation (??) we can interpret the Esscher parameter as being a weighted average between a fraction of the "beta" risk in the changes of logarithm aggregate consumption explained by the return of the risky asset and the negative "beta" risk of the return on the market portfolio explained by the return on the risky asset, where the weight is given by the risk aversion to inter-temporal substitution ratio. Moreover, if we let ς = 1,
t . This is the same result we obtained in the standard consumption CAPM with power utility. When ς = 0, so that the pricing kernel is based solely on the return on the market portfolio, θ t = cov(y mt , y t ))/σ 2 t . As in the standard equilibrium problem, in some special cases, the conditions from equation (??) can be relaxed by making multivariate distributional assumptions for changes in log-aggregate consumption, returns on the market portfolio and returns on individual assets.
The above recursive utility setting serves as a justification for the choice of the conditional Esscher transform as our pricing measure, provided that the conditions of Proposition ?? are satisfied. Moreover, we do not require the consumption-to-wealth ratio to be deterministic as mentioned in Schroder (2004) for the location shift martingale measure. 
Special examples

Normal innovations
The Gaussian innovation model, which in general stands as the benchmark in many empirical studies, is of special interest here since the measures derived from our equilib-rium arguments are consistent with other pricing measures commonly used in the literature. For example, the risk neutral transform developed by Elliott and Madan (1998) 
so that the conditional Q ess -mean return is equal to r t − σ 2 t /2. Further, notice that this is consistent with the discrete version of the Girsanov transformation considered in Elliott and Madan (1998) which states that one way to construct a martingale measure is by shifting the mean while keeping the conditional variance unchanged. In this case the shift in the mean is given by θ t σ 
The equality in (??) is in distribution. Notice that, although the risk premium parameter is eliminated from the return equation after the change of measure, the model is not entirely preference-free as λ t is present in the conditional volatility specification. For special choices of the function a, the above model resembles the GARCH option pricing model considered by Duan (1995) and other extensions proposed in the literature. However, the conditional Esscher transform is not only restricted to such special cases, and can be implemented for other structures of volatility dynamics, such as semi, or non-parametric, models. The consistency with the equilibrium models gives rise to some interesting connections between the market price of risk and the risk aversion coefficients. Indeed, if the utility is of exponential form, solving for λ t from equation (??) leads to:
This states that the market price of risk is proportional to the product of the sensitivity factor β t and the conditional asset return volatility σ t , where the coefficient of proportionality is the constant absolute risk aversion parameter R. The same relationship can be obtained in the power utility case where R is the relative risk aversion coefficient.
Since the conditional Esscher transform leads to the same result as the extended Girsanov principle similar results are obtained by Schroder (2004) in the Gaussian case.
However, based on the results from Proposition ??, we are also able to express the market price of risk as a weighted average of the two "beta" risks for the recursive utility case:
Recall that φ represents the inter-temporal substitution and ς is the risk aversion to inter-temporal substitution ratio.
Normal Inverse Gaussian (NIG) innovations
The normal inverse Gaussian distribution was introduced by Barndorff-Nielsen (1997) as a subclass of the generalized hyperbolic distributions. It represents an alternative which captures some stylized features exhibited by financial time series, such as skewness and excess kurtosis. Assume the innovations have the following cumulant generating function:
Write ε t ∼ NIG(ι, , δ, µ) where ι represents the kurtosis; is the skewness; δ and µ are the scale and location parameters respectively. This distribution is well defined if | | ≤ ι.
Since various location-scale family parametrizations are proposed in the literature, we choose the one which, we believe, is tractable for practical applications. Thus, we let, ι = ιδ,˜ = δ. The mean and the variance of ε t are then given by:
To ensure zero mean and unit variance for the driving noise, the scale and location parameters must satisfy the following relations:
Using (??) the conditional mgf of y t is given by:
Thus, y t |F t−1 ∼ N IG(ι,˜ ,δσ t , m t +μσ t ) . Applying the conditional Esscher transform and using (??) we find that the returns are conditionally N IG distributed after the change of measure, so that:
Here the Esscher parameter is given by:
Notice that the Esscher transform moves the skewness parameter˜ by the factor θ tδ σ t while keeping the other parameters constant. We can further express the conditional mean and the variance of the returns under Q ess as:
Here ϑ 1t and ϑ 2t are two predictable processes which depend on the distribution's parameters, the conditional P -variance and the Esscher parameter. Therefore, the exponential tilting will move the mean return under Q ess . However, unlike the Gaussian case, the conditional variance has a non-linear dependence on the variance under P . If we suppose m t has the usual structure, assumed in the normal case, we notice that the risk-preference parameter cannot be eliminated from the returns dynamics through the Esscher transform, and the conditional variance can no longer be expressed in a tractable form as in the Gaussian case. Although the risk neutral setting under this transformation may not look simple, one can still use the Esscher transform for pricing derivatives, due to its simple Radon-Nikodym form provided that we find an analytic solution for the Esscher parameter. As in the previous case we are able to derive a non-linear relationship between the market price of risk and the "beta" quantities. For example, if the utility is of exponential form, we have:
Taking the limiting case asι → ∞ and˜ = 0, (these being the requirements for the probability density function (pdf) of a NIG to converge to the pdf of a standard Gaussian distribution), it is not difficult to see that λ t = Rβ t σ t . This is the same as the result in the normal innovation case. Similarly, non-linear relations can also be obtained for the power and recursive utility settings. Although the extended Girsanov principle can also be related to the equilibrium measures, analytic relationships between the unit risk premium and the product Rβ t seem difficult, if not impossible, to find without the normality assumption. Indeed, for NIG returns and an exponential utility the consistency between the location shift transform and the equilibrium measure leads to a complicated relation where λ t appears as an argument of a modified Bessel function of the third kind, making it almost impossible to find an analytic solution such as the one obtained in (??). However, the extended Girsanov principle allows a tractable representation of the asset returns under its martingale measure.
Gaussian mixture innovations
Assume that under the physical measure P the return innovations are modeled by a discrete, finite mixture of normal random variables. In the mixture setup we denote by {U t } t∈T \{0} a sequence of independent and identically distributed latent variables taking on the values 1, ..., K with probabilities P (U t = j) = p j > 0, j = 1, .., K and
The mixing components are normally distributed with mean µ j and variance ν j , so that the innovations can be written as
Here ξ t is a sequence of i.i.d. standard normal random variables and I is the indicator function. As in the previous cases, to ensure zero mean and unit variance for ε t we impose the restrictions,
p j µ j = 0, and
Writing the returns in a similar form as above,
, the conditional return mgf under P is:
the economic agent, (in some studies this random variable has been identified with the state of the economy). However, in this case one has to adapt the conditional Esscher transform by considering the same exponential tilting but now defined with respect to a richer filtration that contains also information generated by this latent variable. In this case, we need to change the regression dependence between changes in aggregate consumption, returns on the market portfolio and asset returns, by assuming some conditional dependence given the mixing random variable, (see for a special case).
Conditional Esscher-Girsanov transform
The conditional Esscher-Girsanov transform was introduced by Goovaerts and Laeven (2008) as an alternative measure for pricing financial derivatives. Their construction was based on an exponential tilting with respect to a transformation of the asset return process. It is briefly illustrated here.
For the innovation process ε t define the function Ψ(ε t ) as follows:
where Φ is the cdf of a standard normal random variable. It is easy to check that Ψ(ε t ) is a standard normal random variable under the physical measure P conditional on F t−1 . We define the Radon-Nikodym derivative with respect to the innovation process because we wish to express the dynamics of the returns after the measure change in a similar form as under P . Given our model assumptions, we have also added the term σ t in (35) . Unlike the Esscher transform, this measure is based on two parameters: a constant parameter h and a penalty process δ. The main reason for this is that we are now able to separate the risk aversion parameter, shown in the next proposition to be connected to h, from the market price of risk which is contained in the penalty process δ.
Using a similar technique as in the previous section we derive the mgf of returns under Q essg as follows:
Since the discounted asset price process should be a martingale under Q essg it is also required that the Esscher-Girsanov parameters satisfy:
provided that a solution of this equation exists. We are now able to derive the risk neutral dynamics of the returns under the Esscher-Girsanov transform. 
then the risk neutral measure constructed based on the equilibrium SDF from (??) is consistent with the conditional Esscher-Girsanov transformation.
Proof Let Q be the new probability measure based on the equilibrium SDF. From (??) it follows that its Radon-Nikodym derivative is given by:
The conditional bivariate assumption implies that there exist three F t predictable processes α t , β t , and γ t such that ∆Ξ(c t ) = α t + β t Ψ(ε t ) + γ t η t , where η t is a sequence of standard normal random variables independent of ε t . Using a version of the Bayes' rule, we compute the conditional mgf of the returns under Q as follows:
Imposing the condition that M
t ) = 0. Therefore, the conditional returns mgf under Q is given by:
The martingale condition, M Q yt|F t−1
(1) = e r t , leads to the following equation in R and β t :
Thus, if we take h = −R and δ t = β t /σ t , we notice that the form of the conditional MGF in (??) is the same as the mgf given by the conditional Esscher-Girsanov transform from (??).
This result illustrates that the equilibrium principle serves as a justification for the use of the Esscher-Girsanov transform and gives a natural explanation of why the constant parameter, h, is related to investor's risk aversion, as stated in Goovaerts and Laeven (2008) , and to the penalty process for the conditional covariance between the two functionals of aggregate consumption and asset innovations,
This transformation, which can be viewed as a generalized version of a conditional Esscher transform, is appealing as it allows one to separate the risk aversion measure from the market price of risk, which is embedded in the penalty process δ t .
Assuming the usual specification for the conditional mean returns, we can further express the market price of risk as:
Notice that in this case the unit risk premium is decomposed into the sum of a risk free component and a term which contains the risk preference parameter. If the innovations are normally distributed it follows from (??) that the unit risk premium is, λ t = Rβ t , which is the same result as obtained in (??) when applying the standard Esscher transform.
The only difference is that here β t represents the covariance between changes in aggregate consumptions and asset innovations.
In the following we propose a more general change of measure which is no longer based on a Gaussian transformation.
First, let G be the cdf of a random variable with zero mean and unit variance and having a finite mgf. Define the following transformation of the asset innovation process:
(F (ε t )) .
As in the previous case it is easy to check that Ψ As in the previous cases it is straightforward to verify that this is a well defined risk neutral measure and the conditional mgf for returns under Q (G) are given by:
provided that h and δ , R > 0 ,
is consistent with the generalized conditional Esscher-Girsanov transform.
Proof The proof follows exactly as the previous one by taking h = −R and δ
(y t )|F t−1 )/σ t . The conditional Esscher-Girsanov transform is a particular case of the above when G = Φ.
In the actuarial science literature various possible choices have been proposed for the distortion function G.
Summary and future work
This paper exhibits a consistency between Esscher-type transforms and stochastic discount factors constructed under equilibrium conditions in a general discrete time framework. Firstly, using different assumptions for the investor's utility of consumption, and relationships between aggregate consumption and asset returns, we identified equivalent martingale measures based on the standard Euler equation. We showed that the risk neutral dynamics for asset returns derived using this approach coincided with that arising from the conditional Esscher transform. This result was extended to the recursive utility case under conditions for the return on the market portfolio. In the second part of this paper, using similar assumptions, we derived new equilibrium SDF's which are consistent with a conditional version of the Esscher-Girsanov transform and its generalizations. One advantage of the Esscher-type change of measure is its ease of use. Indeed, for a large class of distributions the Esscher transformation preserves the same law for the returns after the change of measures. In this case one is able to derive risk neutral dynamics for asset returns and possible closed form expressions for derivative prices. Further, when these closed-form expressions are not available, the prices of financial derivatives could be found using Esscher transforms in a Monte-Carlo framework. The asset paths could be simulated under the underlying measure and the Radon-Nikodym derivative used for computing certainty equivalents.
Possible future work in this direction will be to test empirically the performance of these exponential tilting transformations for various discrete-time models and investigate the pricing errors relative to observed market quotes. It would also be of interest to provide a comparative study of these martingale pricing measures with other choices of equilibrium pricing measures proposed in the financial literature. Recently, there has been much attention given to the fair valuation approach and fair value accounting as a means to value liabilities underlying insurance products. This is advocated by Solvency II, which will play the role of Basel II for insurance markets. Consequently, it is certainly of practical interest to investigate the use of the kind of risk neutral measures constructed in this paper to obtain the fair valuation of insurance liabilities and study their implications for fair value accounting.
